An increasing number of observations show that non-classical isomers may play an important role in the formation of fullerenes and their exo-and endo-derivatives. A quantum-mechanical study of all classical isomers of C 58 , C 60 and C 62 , and all non-classical isomers with at most one square or heptagonal face, was carried out. Calculations at the B3LYP/6-31G* level show that the favoured isomers of C 58 , C 60 and C 62 have closely related structures and suggest plausible inter-conversion and growth pathways amongst low-energy isomers. Similarity of the favoured structures is reinforced by comparison of calculated ring currents induced on faces of these polyhedral cages by radial external magnetic fields, implying patterns of magnetic response similar to those of the stable, isolated-pentagon C 60 molecule.
Introduction
Since the discovery of C 60 [1] , classical fullerenes (carbon cages with hexagonal and pentagonal faces only) have been extensively studied. On the experimental side, some tens of isomers have been isolated and characterized. A striking common feature is that all reported neutral bare fullerene isomers satisfy the isolated-pentagon rule (IPR) [2] . On the theoretical side, all mathematically possible classical isomers from C 20 to C 90 and beyond have been studied, and the consensus is that the stable classical isomers typically satisfy a more general rule, i.e., that pentagon adjacencies are minimized [3] . This has also been called the pentagon-adjacency-penalty rule (PAPR) [4, 5] . The focus of studies of classical fullerenes is now moving on to applications [6, 7] . However, an increasing number of experimental and theoretical observations indicate that non-classical isomers play an important role in the formation of metallofullerenes and fullerene derivatives [8] [9] [10] . Even for the fullerenes themselves, formation mechanisms are still unclear in terms of the roles of heptagons and/or squares [11] . These remarks suggest that it may be useful to 2 study the structures and properties of non-classical fullerene isomers. Particularly fruitful may be studies in the region of nuclearity around C 60 , where IPR fullerenes are mathematically impossible for both C 58 and C 62 , and so the intervention of non-classical fullerenes may offer candidates that compete in stability with classical fullerenes [12, 13] . In the present study, we extend the quantum-mechanical study of classical isomers and non-classical isomers of C 58 , C 60 and C 62 that have a single square or heptagonal face and small numbers of pentagon adjacencies. Structures were optimized at the density functional level of theory. It turns out that the most favoured isomers of C 58 , C 60 and C 62 have closely related structures. This similarity motivates discussion of the factors that influence stability and suggests plausible inter-conversion growth pathways amongst low-energy isomers. The relation between favoured structural candidates is further reinforced by comparison of calculated magnetic-response properties, specifically the ring currents induced on faces of the polyhedral cage by a perpendicular external magnetic field.
Computational methods
The strategy adopted here is to generate candidate classical and non-classical fullerene graphs, and then obtain corresponding physically realistic geometric structures for the most promising isomers by using quantum mechanical approaches.
Fullerenes (classical and non-classical) have cubic (trivalent) molecular graphs. A provably complete approach to generation of cubic (trivalent) polyhedral graphs is implemented in the CaGe software [14] . Here we used the CaGe program to generate all fullerenes with (a) one square and ten pentagonal faces; (b) twelve pentagonal faces and (c) one heptagonal and thirteen pentagonal faces, i.e., the classical fullerenes and the minimal departures from them in each direction, for nuclearities 58, 60 and 62. We are using 'square' here in a combinational sense to mean a face with four sides, without any implication of special geometry, just as our pentagons, hexagons and heptagons are defined only by their numbers of sides, are not necessarily regular, equilateral or even planar.
Classical fullerenes can be generated by the spiral algorithm [15] , which can be extended to non-classical fullerenes. An adapted version of the spiral program was used to construct the same sets of both classical and non-classical isomers and assign them a spiral code and hence a 3 canonical sequence number. We note that although there are classical and non-classical fullerenes that have no face spirals [16] , the algorithm is complete for the sets described here. In-house programs were used to calculate 'topological coordinates' derived from adjacency eigenvectors [15] and invariants related to combinational curvature, such as counts of edge type, and triples types of faces meetings at vertices.
The search was deliberately restricted to fullerenes with at most one 'defect' face: face sizes of less than five impose an evident energy penalty, which is ascribed to strain arising from repulsion between the adjacent bonding electronic pair within the face [17] ; sizes greater than six imply the inclusion of extra sub-hexagonal faces according to the Euler theorem. Previous studies have suggested that energies of carbon cages rise rapidly with the numbers of both sub-hexagonal [18, 19] and larger [20] faces.
The numbers of classical isomers are 1205, 1812 and 2385 for 58, 60 and 62 vertices, respectively; the numbers of non-classical isomers with a single square defect are 5647, 7475 and 10323, and with a single heptagon are 22789, 36295 and 56950, respectively. Isomers are labeled B3LYP/3-21G and B3LYP/6-31G* levels. All the calculations were carried out with Gaussian 09 [21] . Energetic and structural parameters are listed in Table 1 . The optimized structures of the two isomers of lowest energy for each C n are shown in Figure 1 and Schlegel diagrams are shown in Figure 2 . Frequency calculations at the B3LYP/6-31G* level were carried out to check that optimized geometrical structures of the favoured isomers correspond to local minima on the potential hypersurface; asphericity values and pyramidalization angles were calculated based on the optimized structures. Ring-current calculations were also performed at the pseudo-level [22] [23] [24] with the SYSMO program [25] for these 3D structures, as discussed below. 
DFT results
A striking feature of Table 1 and Figure 1 is that the set of classical fullerenes in this size range does not necessarily include the candidate cage of lowest energy. For C 58 , the best candidate is classical, although a non-classical isomer lies only 2.5 kcal/mol higher in energy; for C 60 non-classical isomers are not found within the first ten; for C 62 , the first four isomers in order of energy are non-classical. The results for the three isomer types are now reviewed in turn.
Classical fullerenes
Classical fullerenes C n with n = 58, 60, 62 have at least 3, 0, and 3 pentagon adjacencies (counted by N 55 ), respectively. There are 1, 1 and 3 isomers that realize the respective minimum values of N 55 . Within the classical set, the isomer with lowest energy at the B3LYP/6-31G* level (Table 1) realizes the minimum N 55 in all three cases. Table 1 indicates a penalty for pentagon adjacency of at least 10 kcal/mol for the classical fullerenes from C 58 to C 62 . These results are consistent with previously reported calculations [13, 26] . Within this set, N 55 can be used as a useful ranking criterion: for C 58 , all classical isomers with fewer fused pentagons are lower in energy than those with more; for C 60 and C 62 , most but not all classical isomers also obey this rule.
Isomers containing a square face
Cages with a single square face and all others pentagonal and hexagonal have N 55  2 for C 58 and C 60 , but a C 62 cage can achieve N 55 = 0 (isomer C 1s 62 -0-1(9620) has C 2V symmetry, and no edges of type 45 or 55).
For C 58 , the isomer C For C 60 , the most favoured isomer with a square is C 1s 60 -2-12(6223), which lies 108.9 kcal/mol higher in energy than the most favoured classical fullerene C 60 -0-1(1812), and 70 kcal/mol higher than the unique classical isomer with N 55 = 2, i.e., C 60 -2-1(1809), but the present results show directly that inclusion of a square in the fullerene framework is intrinsically unfavourable at sizes 7 around 60. Inclusion of square faces can be favourable for small fullerenes [18, 19] , where it can reduce the number of pentagon-pentagon contacts. However, for C 60 , the cost of inclusion of the square face is evidently not offset by the reduction in N 55 .
For C 62 , the most favoured isomer with a square, C Within the one-heptagon subclass, energy generally rises with N 55 . The one-heptagon class of non-classical fullerenes has, therefore, furnished the C 62 .candidate of lowest energy. 
Discussion
Minimum-pentagon-adjacency rule
As noted above, minimization of N 55 within the three subclasses offers a useful guide to relative stability. However, the relative energies between groups do not simply follow this rule.
Schemes in which numbers of edges of all combinational types are assigned energy costs or benefits suggest a balancing of factors. Increases in N 44 , N 55 and N 77 all bring substantial costs.
The mixed edge type N 57 is always energetically favourable; edges of this type are associated with an azulenoid fragment, which gives local planarity and a favourable count of 10 electrons. This interplay of unfavourable N 55 and favourable N 57 has been proposed as a rationale for the favouring of the one-heptagon cage [12, 13] . Consideration of edge types therefore goes some way to explaining the features of the low-energy isomers, although it does not yet give a clear understanding of what the six disparate cages in Figure 1 have in common.
HOMO-LUMO gap
In independent-electron models, the HOMO-LUMO gap of a molecule has a direct correlation with reactivity, susceptibility to electron loss or electron gain, and overall chemical stability. For fullerenes and polycyclic aromatic hydrocarbons, in particular, HOMO-LUMO gap weighted by the number of conjugated atoms [27] , or divided by that of a reference system [28] , have been proposed as measure of kinetic stability. 
Asphericity
The asphericity parameter (AS) is a value that characterizes a global geometrical feature of a cage-shaped molecule. A 'rounder' fullerene isomer has a smaller AS value, and could be expected on purely steric grounds to be more stable than the other isomers since it has a smaller average departure from ideal sp 2 hybridization geometry [29] . The index is defined in terms of mean square derivation from average cage radius as [30] 
Pyramidalisation angles
Fullerenes are formally composed of sp 2 carbon centres for which the ideal local geometry is planar. As Haddon has pointed out [31] , the existence of non-hexagonal faces in a classical fullerene has an implication for the hybridisation of the carbon centres. Given the directions of the three edges meeting at a vertex, the direction of the remaining p orbital axis vector (POAV), and This order rationalizes both the unfavourable effect of the square, and the favourable effect of pentagon-heptagon fusion. However, by the same token, the POAV viewpoint cannot account for the low energy of square-containing C 1s 62 (C 2V ). Even so, the POAV measure is more successful for classical and one-heptagonal C 62 : isomers the most favoured classical and heptagon-containing isomers of C 62 have an equal number of fused pentagons (N 55 = 3), but the strain in the vertices at pentagon-pentagon junctions has been partly released by the heptagonal neighbor in the latter, and thus the lower energy of the one-heptagon cage complies with POAV. This measure is both more local than asphericity, and more directly related to a purely graph-theoretical treatment of the cage as a polyhedral network of faces.
Structural nepotism
Direct inspection of the polyhedral cages suggests that the favoured cages have structural motifs in common. A large part of the fullerene framework is conserved amongst the six low-energy isomers of C 58 to C 60 , both within isomeric pairs and in pairs that are formally related by C 2 gain or loss. The two most stable isomers of C n are related by single Stone-Wales transformations. These relationships are summarised in Fig. 3 .
As we have seen, neither HOMO-LUMO gaps nor AS rules can rationalize the unique 11 stability of the non-classical fullerenes with a heptagon or square, and POAV gives only a partial account of the calculated results. Conservation of structural motifs is more successful as a criterion of stability, as shown in the present section and in agreement with recent work by other authors on classical endohedral fullerenes [33] .
For isomers with a square, there are only ten pentagons, increasing the likelihood of an isomer without pentagon adjacencies. In fact, as noted earlier, some isomers with one or two squares are favoured over classical cages for C 24 and C 26 [18, 19] ; by extension it might be expected that a favoured square-containing isomer would be more likely for C 58 than the larger C 62 .
However, the best square-containing isomer of C 58 is higher by 28.56 kcal/mol than the best classical cage and ranks only twelfth among all isomers, whereas the most favoured square-containing isomer of C 62 , C 1S 62 -0-1(9620), lies 10.4 kcal/mol below the best classical isomer. -0-1(9620), although it contains a highly strained square, is IPR-satisfying and can be formed by adding a C 2 unit parallel to a B 66 bond of I h -C 60 or C 2v -C 60 as shown in Fig.3 . In other words, it is equivalent to a local modification of the structure I h -C 60 , which is consistent with a significant retention of the favourable environment for -bonding. The implication is that the most stable isomers, both classical and non-classical, inherit stability from their I h -C 60 relative.
Ring currents
The ability to sustain a diatropic ring current in the presence of an external magnetic field is often taken as an indicator of aromaticity in -monocycles [34] and, by extension, in polycycles and 3D structures. Ab initio calculation of current-density maps using the ipsocentric approach [35] [36] [37] is well established and economical but can still be costly for large systems. A simple expedient that reproduces the essential features of current maps for 2D molecules is the pseudo- method [22] , in which the carbon centres of a conjugated system are formally replaced by hydrogen centres (represented by an STO-3G 1s orbital, with idealized C-C distances of 1.4 Å), thus converting a  system into a  analogue. This / analogy broadly carries over to 3D systems 13 [23] . In our maps, diatropic ('aromatic') ring currents are conventionally represented by anticlockwise, and paratropic ('antiaromatic') by clockwise circulations.
In polyhedral systems, such as the fullerenes, there are two standard choices for representation of magnetic response: we can take a single direction of the external field and superimpose the response of multiple layers of atoms (as in the stack-of-plates model [38] ), or we can take each face and apply a radially directed field to find the local ring current per face. The second choice, which highlights 'potential aromaticity' of each face of the fullerene, is adopted
here. When applied to I h -C 60 [23] , the pseudo- method gives a pattern that is similar to the results from all previous calculations, with essentially localised circulations in neighbouring hexagons being driven by the paratropic pentagons. Calculations at the empirical Hückel-London (HL) level [39, 40] also showed strong paratropic currents in the pentagonal rings, and diatropic currents that are weaker (by an order of magnitude) in the hexagons. Full ab initio calculation of all-electron current at the Hartree-Fock [41] and density-functional [42] levels show the same qualitative picture for current on the exterior of the carbon sphere; the DFT calculations additionally suggest a reversal of current deep on the interior 'face' of the sphere. Significant cancellation of contributions to magnetisability may arise from the different ring types [40] , from different interior and exterior behaviour [42] , and presumably from different orientations of the rings with respect to external field. (Fig. 4(a) ) support strong paratropic, and hence antiaromatic, currents. Isolated pentagons (Fig. 4(b) ) have the same antiaromatic signature. Fusion of pentagons to form isolated pentalene units (Fig. 4(c) ) leads to an 8-cycle paratropic circulation, also antiaromatic. In contrast, an isolated hexagonal ring (from I h -C 60 ), (Fig. 4(d) ), supports no global ring current at all: the map shows three components that might appear to be parts of a diatropic ring current, but the breaks in connection indicate that these are actually parts of paratropic circulations in neighbouring (pentagonal) rings. This local pattern in hexagons seems to be generic across the set of stable isomers.
The isomer C surrounded by a chain of four fused pentagons, two isolated hexagons and an isolated pentagon (see Fig. 2 ). The current map (Fig. 4(e) ) shows an anticlockwise (diatropic) circulation in the heptagon, with concentration in the region of pentagon neighbours. In the C 58 isomer (Fig. 4(f) ), the piecewise diatropic current appears to be driven by the paratropicity of neighbouring pentagon-containing moieties. There is a clear analogy with the currents in the hexagonal faces of I h -C 60 .
It has been debated whether fullerenes such as C 60 are aromatic in the normal sense (see, for example, the review in [43] ). It may be that an isomer of C 50 is the only example of a fullerene with the 'spherical aromaticity' [44] that was predicted for systems with 2(N+1) 2  electrons [45] .
What we can say in the present context is that the local currents in the favoured isomers of the classical and non-classical isomers in the size range studied here show a strong family resemblance to those of the stable C 60 molecule. 
Conclusion
A systematic DFT study of classical and non-classical isomers of C 58 , C 60 and C 62 has explored questions of similarity of the stable structures in the size range. Small changes can convert good structures into bad. Geometrical motifs correlate with stability: for example, the calculations indicate that favoured one-heptagon isomers tend to have more vertices of type 557, whereas favoured one-square isomers tend to have fewer vertices of type 455. Ring-current simulations demonstrate that both squares and pentagons support paratropic (anti-aromatic) current under radial magnetic fields, whereas hexagons and heptagons tend to be localized in their magnetic response and driven by the paratropicity of neighbouring small rings. Analysis of the structures shows a tendency to 'nepotism' amongst the most favoured isomers of C 58 , C 60 and C 62 , in that inheritance of favoured local motifs accounts for the special status of corresponding isomers.
